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Abstract
Conformally Ka¨hler, Einstein-Maxwell metrics and f -extremal metrics are gener-
alization of canonical metrics in Ka¨hler geometry. We introduce uniform K-stability
for toric Ka¨hler manifolds, and show that uniform K-stability is necessary condition
for the existence of f -extremal metrics on toric manifolds. Furthermore, we show
that uniform K-stability is equivalent to properness of relative K-energy.
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1 Intrduction
The subject of this paper is studying a special class of (non-Ka¨hler in general) Hermitian
metrics g˜ on a compact Ka¨hler manifold (M,J) of complex dimension m ≥ 2. Following
[4],
Definition 1.1. A Hermitian metric g˜ on (M,J) is called conformally Ka¨hler, Einstein-
Maxwell metric (cKEM metric for short) if there exist a smooth positive function f on
M such that g := f 2g˜ is a Ka¨hler metric, and
Ricg˜(J ·, J ·) = Ricg˜(·, ·), (1)
sg˜ = const, (2)
where Ricg˜ and sg˜ denote the Ricci tensor and the scalar curvature of g˜.
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It is known that conformally Ka¨hler, Hermitian metrics g˜ satisfying (1) and(2) are in
one-to-one correspondence with Ka¨hler metrics g which admit a Killing vector field K
with a positive Killing potential f satisfying
sg˜ = 2
2m− 1
m− 1
fm+1∆g
(
1
f
)m−1
+ sgf
2 = const, (3)
where sg is scalar curvature of g.
Lebrun [22] proved that cKEM metric is a solution of Einstein-Maxwell equation in
General Relativity when dimR = 4. In [4], Apostolov-Maschler initiated a study of cKEM
metric in a framework similar to the Ka¨hler geometry, and set the existence problem of
cKEM metrics in the Fujiki-Donaldson picture [9], [11]. In particular, they defined an
obstruction generalizing Futaki invariant [12] in a fixed Ka¨hler class for the existence of
cKEM metric. Futaki-Ono [16] and Lahdili [20] extended independently the Licherowicz-
Matsushima reductiveness theorem to the cKEM manifolds. A number of recent existence
results appear in [15], [16], [19], [20], [7].
In [16], Futaki-Ono give a definition of f -extremal Ka¨hler metric as critical point of
weighted Calabi functional, generalized the Calabi’s extremal metric. We can naturally
extend the definitions of Futaki-Mabuchi bilinear form and weighted extremal vector field
for f -extremal metric, see section 2, also Lahdili [20].
In Ka¨hler geometry, the existence of canonical metrics is conjectured that it is equiv-
alent to a subtle stability condition of the underlying manifold in the sense of Mumford’s
geometric invariant theory. This is the so-called Yau-Tian-Donaldson conjecture, formu-
lated as follows
Conjecture 1.2. (Yau [25], Tian [24], Donaldson [10])
The polarized manifold (M,L) should admit a cscK metric in the class c1(L) iff (M,L)
is K-polystable.
Unfortunately examples in [3] show that positivity of the Futaki invariant for alge-
braic test-configurations may not be enough to ensure the existence of a cscK metric.
Sze´kelyhidi introduce a more strong concept of uniform stability. It becomes a candidate
for the stability criterion of existence of cscK metrics.
In [21], Lahdili introduce the more general concept of constant weighted scalar cur-
vature Ka¨hler, and introduce weighted K-stability by giving an algebro-geometric defini-
tion of weighted Donaldson-Futaki invariant. We can consider the generalized Yau-Tian-
Donaldson conjecture for weighted case.
The problem of searching canonical metrics may become simpler if the manifold admits
more symmetry. Hence, it is natural to consider the toric manifolds. Each toric manifold
M2m can be represented by a Delzant polytope △ in Rm (see [18]), the equation for the
extremal metrics becomes a real 4th order equation on △ via Abreu’s formula of scalar
curvature (see [1]), it is known as the Abreu equation. In a series of papers, Donaldson
initiated a program to study the cscK metric and extremal metrics on toric manifolds. The
problem is to solve the equation under certain necessary stability conditions of the pair
(△, A) for some function A on △. The formulation of stability becomes more elementary
when we consider the toric manifolds.
Thus, in this paper, we focus on toric Ka¨hler manifolds, consider the existence of
f -extremal metrics. As following the classical case (see [5]), we can define the (weighted)
uniform K-stability. Our main theorem is the easy direction of Yau-Tian-Donaldson type
correspondence,
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Theorem 1.3. (see Theorem 3.12) If the weighted Abreu equation (25) has a solution in
S, then (△,L, f) is uniformly K-stable.
On the other hand, as a consequence of uniform K-stability, we have the properness
of relative K-energy. In fact, they are equivalent, which can be stated as follows:
Proposition 1.4. (see Proposition 5.2) For any λ > 0, the following are equivalent:
(i) F(△,f)(u) ≥ λ‖u‖b for all u ∈ C˜, (i.e. (△,L, f) is uniform K-stable);
(ii) for all 0 ≤ δ < λ, there exists Cδ such that E(△,f)(u) ≥ δ‖π(u)‖b + Cδ for all u ∈ S,
where π(u) is the projection of u to the space S˜ := C˜ ∩ S,
where F(△,f)(·) is Donaldson-Futaki invariant and E(△,f)(·) is weighted relative K-energy
on the toric Ka¨hler manifolds, we refer other notations to section 3.
1.1 Outline
In section 2, we introduce Futaki invariant from [4] and definition of f -extremal metric
from [16]. we introduce Futaki-Mabuchi bilinear form and weighted extremal vector field
(there are subtle difference from [20]), and give a detail of proof.
In section 3, we recall some elementary facts for toric Ka¨hler manifolds, and introduce
the definition of uniform K-stability for toric case, this fits within the general framework
of toric cscK metrics developed by S. Donaldson [10] and B. Chen, A. Li and L. Sheng [5]
(see (Definition 3.11 and Theorem 3.12)).
In section 4, we provide a proof of Theorem 3.12.
In section 5, we show that uniform K-stability is equivalent to properness of weighted
relative K-energy on toric Ka¨hler manifolds (see Proposition 5.2).
2 Preliminaries
2.1 Futaki invariant
We consider a compact Ka¨hler manifold (M,J), a compact subgroup G ⊂ Autr(M,J)
and fix a Ka¨hler class Ω. Denote by KGΩ the space of G-invariant Ka¨hler metrics ω in Ω.
General theory implies that for any K ∈ g = Lie(G), and any ω ∈ KGΩ , we have
ιKω = −dfK,ω
for a smooth function fK,ω, normalized by∫
M
fK,ωvω = a,
where a is a fixed real constant, we denote by fK,ω,a the unique function.
In what follows, we shall fix the vector fieldK and, choosing a reference metric ω ∈ KGΩ ,
a constant a > 0 such that fK,ω,a > 0 on M .
For any ω ∈ KGΩ , denote g˜ω(·, ·) := (1/f
2
K,ω,a)ω(·, J ·), the corresponding scalar curva-
ture of g˜ is
sg˜,ω = 2
2m− 1
m− 1
fm+1K,ω,a∆ω
(
1
fm−1K,ω,a
)
+ sωf
2
K,ω,a, (4)
The Ka¨hler metric ω ∈ KGΩ whose weighted scalar curvature sg˜,ω is constant correspond
to the cKEM metric with conformal factor 1/f 2K,ω,a.
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Theorem 2.1. (see [4]) Let (M,J) be a compact Ka¨hler manifold of dimension m ≥ 2,
G ⊂ Autr(M,J) a compact subgroup, K ∈ g = Lie(G) a vector field, and a > 0 a real
constant such that K has a positive Killing potential fK,ω,a with integral equal to a with
respect to any ω ∈ KGΩ . Then, for any vector field H ∈ g with Killing potential hH,ω,b
with respect to ω, the integral∫
M
sg˜,ωhH,ω,b
(
1
fK,ω,a
)2m+1
vω
is independent of the choice of ω. In particular,
cΩ,K,a :=
∫
M
sg˜,ω
(
1
fK,ω,a
)2m+1
vω
∫
M
(
1
fK,ω,a
)2m+1
vω
is a constant independent of ω ∈ KGΩ , and for any vector field H ∈ g,
FGΩ,K,a :=
∫
M
sg˜,ω − cΩ,K,a
f 2m+1K,ω,a
hH,ω,bvω, (5)
This is a linear functional called the Futaki invariant associated to (Ω, G,K, a) on g which
is independent of the choice of ω ∈ KGΩ and b. Furthermore, F
G
Ω,K,a must vanish if it exists
a cKEM metric in Ω.
2.2 Weighted extremal vector field
Consider the Calabi functional Φ : KGΩ → R defined by
Φ(g) =
∫
M
s2g˜,ω
vω
f 2m+1K,ω,a
. (6)
If g is a critical point of Φ, the Ka¨hler metric g = ωJ is called an fK,ω,a-extremal metric.
It follows that g is an fK,ω,a-extremal metric iff sg˜,ω is Killing potential, due to Lemma
3.1 of [16].
We introduce the Futaki-Mabuchi bilinear form and weighted extremal vector field for
the f -extremal metric. Let (M, g, J, ω) be any (connected) compact Ka¨hler manifold, fix
a compact subgroup G ⊂ Autr(M,J) and fix a Ka¨hler class Ω. Recall for any K ∈ g =
Lie(G) and Killing potential fK,ω,a with respect to ω ∈ K
G
Ω normalized by∫
M
fK,ω,avω = a,
let ωt = ω0 + dd
cφt be any curve in K
G
Ω , the derivative of fK,ω,a along φ˙ in TgK
G
Ω is given
by
f˙K,ω,a = −LJKφ˙, (7)
this due to Lemma 4.5.1 of [17].
Remark 2.2. In the Lemma 4.5.1 of [17], the function fK,ω is normalized by∫
M
fK,ωvω = 0,
but this derivative formula is independent of the normalization condition.
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Hence, we have
f˙K,ω,a = −dφ˙(JK) = −g(JK, (dφ˙)
♯) = g(dfK,ωt,a, dφ˙). (8)
Theorem 2.3. Let (M,J) be a compact Ka¨hler manifold of dimension m ≥ 2, G ⊂
Autr(M,J) a compact subgroup, K ∈ g = Lie(G) a vector field, and a > 0 a real
constant such that K has a positive Killing potential fK,ω,a with integral equal to a with
respect to any ω ∈ KGΩ . Then, for any vector field Hi ∈ g with Killing potential hHi,ω,0
with respect to ω, i = 1, 2,
BGΩ,K,a(H1, H2) =
∫
M
hH1,ω,0hH2,ω,0
vω
f 2m+1K,ω,a
(9)
is independent of the choice of ω ∈ KGΩ . This bilinear form is called the Futaki-Mabuchi
bilinear form associated to (Ω, G,K, a) (c.f. [14] and [20]).
Proof. Let ωt = ω0 + dd
cφt be any curve in K
G
Ω , for simplicity, denote hi,t := hHi,ωt,0 and
ft := fK,ωt,a. The derivative of Bt := B
G
Ω,K,a(H1, H2)(gt) along φ˙ in TgK
G
Ω is given by
d
dt
Bt =
d
dt
∫
M
h1,th2,t
vωt
f 2m+1t
=
∫
M
h˙1,th2,t
vωt
f 2m+1t
+
∫
M
h1,th˙2,t
vωt
f 2m+1t
−
∫
M
h1,th2,t∆gtφ˙t
vωt
f 2m+1t
−
∫
M
h1,th2,t
f˙t
f 2m+2t
vωt
=〈
h2,tdh1,t
f 2m+1t
, dφ˙t〉+ 〈
h1,tdh2,t
f 2m+1t
, dφ˙t〉 − 〈
h1,th2,t
f 2m+1t
,∆gtφ˙t〉 − 〈
h1,th2,t
f 2m+2t
dft, dφ˙t〉
=〈d
(
h1,th2,t
f 2m+1t
)
, dφ˙t〉 − 〈
h1,th2,t
f 2m+1t
,∆gtφ˙t〉
=0,
where 〈·, ·〉 denotes the global inner product, and we have used (8) for the third equality.
Notice that BGΩ,K,a is positive definite on g by our choice of fK,ω,a.
We restrict our attention to KGΩ for some chosen maximal connected compact subgroup
G of Autr(M,J). We denote by g ⊂ hred the Lie algebra of G: g is then the space of
hamiltonian Killing vector fields for all metrics g in KGΩ , i.e. for any X ∈ g, X =
JgradghX,ω,0 = gradωhX,ω,0 for some smooth real function hX,ω,0 normalized by∫
M
hX,ω,0vω = 0.
For any chosen metric g in KGΩ , we denote by P
G
g the space of Killing potentials relative
to g, i.e. the kernel of the fourth order Lichnerowicz operator L = δδD−d.
For simplicity, we denote fg = fK,ω,a as Theorem 2.3. We denote by Π
G
g,K,a the
orthogonal projecter with respect to the global inner product 〈·, ·〉f of C
∞(M,R) onto
PGg , where 〈h1, h2〉f =
∫
M
h1h2
vω
f2m+1g
.
For any real function h, ΠGg,K,a(h) will be called the Killing part of h with respect to g.
In particular, for any metric g in KΩ, Π
G
g,K,a(sg˜,ω) is called the Killing part of the weighted
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scalar curvature of g and we thus get we get the following L2-orthogonal decomposition
of sg˜,ω:
sg˜,ω = s
G
g˜,ω +Π
G
g,K,a(sg˜,ω), (10)
where sGg˜,ω is L
2-orthogonal to PGg , call it the reduced weighted scalar curvature with
respect to G and K. It follows that g is f -extremal if and only if the reduced weighted
scalar curvature sGg˜,ω is identically zero.
We now define a vector field ZGΩ,K,a in g by
FGΩ,K,a(X) = B
G
Ω,K,a(X,Z
G
Ω,K,a), (11)
for any X in g. Notice that ZGΩ,K,a is well-defined, as B
G
Ω,K,a is positive definite on g. By
its very definition, ZGΩ,K,a only depends on the Ka¨hler class Ω and of the choice of G and
K.
Definition 2.4. Following the classical case, the above ZGΩ,K,a is called the weighted
extremal vector field of Ω relative to G and K. A function σ is called the weighted
extremal function of Ω relative to G and K if Jgradgσ is weighted extremal vector field
of Ω relative to G and K.
The following theorem extends the classical case of extremal vector field (c.f. Theorem
3.3.3 of [13] and [20]).
Theorem 2.5. For any metric g in KGΩ , the weighted extremal vector field Z
G
Ω,K,a is the
gradient of the Killing part of the weighted scalar curvature:
ZGΩ,K,a = Jgradg(Π
G
g,K,a(sg˜,ω)). (12)
Moreover, the L2-square norm of ΠGg,K,a(sg˜,ω) is given by∫
M
(ΠGg,K,a(sg˜,ω))
2 vω
f 2m+1g
= EGΩ,K,a, (13)
by setting
EGΩ,K,a = c
2
Ω,K,aVΩ,f + F
G
Ω,K,a(Z
G
Ω,K,a),
where VΩ,f =
∫
M
vω
f2m+1g
. In particular,
∫
M
(ΠGg,K,a(sg˜,ω))
2 vω
f2m+1g
is independent of g in KGΩ
and provides the following lower bound for the Calabi functional on KGΩ :
Φ(g) ≥ EGΩ,K,a, (14)
with equality if and only if g is f -extremal.
Proof. By its very definition, for any g in KGΩ , Z
G
Ω,K,a = JgradghZGΩ,K,a,ω,0 for some real
function hZGΩ,K,a,ω,0, for simplicity, denoted by h0 := hZGΩ,K,a,ω,0. Then h0 is determined by
BGΩ,K,a(Z
G
Ω,K,a, X) =
∫
M
h0hX,ω,0
vω
f 2m+1g
= FGΩ,K,a(X) =
∫
M
(sg˜,ω − cΩ,K,a)hX,ω,0
vω
f 2m+1g
,
for any X in g of Killing potential hX,ω,0. Hence, we have
〈h0 − sg˜,ω + cΩ,K,a, hX,ω,0〉f = 0.
It follows that h0 = Π
G
g,K,a(sg˜,ω) up to an additive constant. We thus get (12).
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We assume that h0 = Π
G
g,K,a(sg˜,ω)− b for some constant b, i.e.∫
M
(ΠGg,K,a(sg˜,ω)− b)
vω
f 2m+1g
= 0.
It follows that
FGΩ,K,a(Z
G
Ω,K,a) =
∫
M
(sg˜,ω − cΩ,K,a)(Π
G
g,K,a(sg˜,ω)− b)
vω
f 2m+1g
=
∫
M
(ΠGg,K,a(sg˜,ω))
2 vω
f 2m+1g
− b
∫
M
(sg˜,ω − cΩ,K,a)
vω
f 2m+1g
− cΩ,K,a
∫
M
ΠGg,K,a(sg˜,ω)
vω
f 2m+1g
=
∫
M
(ΠGg,K,a(sg˜,ω))
2 vω
f 2m+1g
− c2Ω,K,aVΩ,f .
This gives (13).
From (10), we have
Φ(g) =
∫
M
s2g˜,ω
vω
f 2m+1g
=
∫
M
(sGg˜,ω)
2 vω
f 2m+1g
+
∫
M
|ΠGg,K,a(sg˜,ω)|
2 vω
f 2m+1g
≥
∫
M
|ΠGg,K,a(sg˜,ω)|
2 vω
f 2m+1g
=EGΩ,K,a,
for any g in KGΩ , with equality if and only if s
G
g˜,ω ≡ 0, hence if and only if g is f -
extremal.
3 The toric case
3.1 Weighted scalar curvature formula
From now on, we consider thatM is toric Ka¨hler manifold, i.e. G = T is anm-dimensional
torus with effective action. Let t := Lie(T). We fix a T-invariant Ka¨hler form ω in Ka¨hler
class [ω], a positive Killing potential f for Killing vector field K, and vary the Ka¨hler
metrics within
CTω := {T-invariant, ω-compatible complex structures on (M,ω,T)}.
For any two elements J, J ′ ∈ CTω , they are biholomorphic under a T-equivariant diffeomor-
phism Φ which acts trivially on the cohomology class of [ω], i.e. Φ∗ω is a Ka¨hler form in
KT[ω] on (M,J), where
KT[ω] := {T-invariant Ka¨hler form in [ω]}.
For any two elements ω, ω′ ∈ KT[ω], there exist a T-equivariant differmorphism Φ such that
Φ∗ω = ω′ by the equivariant Moser lemma.
As the action of T ⊂ Autr(M), then for each K ∈ t, K admits a hamiltonian function
with respect to ω, it is therefore hamiltonian action. So one can use the Delzant description
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[8] of (M,ω,T) in terms of the corresponding momentum image △ = µ(M) ⊂ t∗ and a
set of non-negative defining affine functions L = (L1, · · · , Ld) for △, defined on the vector
space t∗ ∼= Rm.
Let µ be the moment map of T action on (M,ω). △ := µ(M), denote △0 the interior
of △. We denote by M0 := µ−1(△0) the open dense subset of M , and T acts freely on
M0. The complex structure J in CTω and the corresponding Ka¨hler metrics gJ on M
0
can be described by using so-called momentum-angle coordinates, due to V. Guillemin
[18]. In this description, We fix a basis {e1, · · · , em} of t and denote by Kj = Xej
the induced fundamental vector fields, denote {e∗1, · · · , e
∗
m} the its dual basis and write
x = (x1, · · · , xm) for the elements of t
∗. For each point p ∈ M0, we shall also identify
the coordinate function xi = 〈x, ei〉 with the momentum function 〈µ, ei〉 on M . We know
that the action of T ∼= (S1)m on (M,J) extends to an (effective) holomorphic action of
the complex torus TC ∼= (C∗)m. Fixing a point p0 ∈ M
0, we can identify M0 with the
orbit TC(p0) ∼= (C
∗)m. Using the polar coordinates (ri, t
0
i ) on each C
∗, this identification
gives rise the so-called angular coordinates
t = (t01, . . . , t
0
m) : M
0 → T.
The functions {x1, · · · , xm; t1, · · · , tm} on △
0×T are called momentum-angle coordinates
associated to (g, J). The symplectic 2-form ω then becomes
ω =
m∑
i=1
dxi ∧ dti, (15)
whereas the Ka¨hler metric is
gJ =
m∑
i,j=1
(Gijdxi ⊗ dxj +Hijdti ⊗ dtj) , (16)
the complex structure is
Jdti = −
m∑
j=1
Gij(x)dxj , (17)
where G = (Gij) = Hess(u) for some smooth, strictly convex function u(x) on △
0, called
symplectic potential of gJ , and H = (Hij) = G
−1.
From the point view of this description, the symplectic potential of the induced canon-
ical toric Ka¨hler structure (g0, J0) via the Delzant construction is
u0(x) =
1
2
d∑
j=1
Lj logLj . (18)
In order to extend the Ka¨hler structure on M0 to M , we have the necessary and
sufficient condition due to [2], as follows
Theorem 3.1. Let (M,ω) be a compact toric symplectic 2m-manifold with momentum
map µ : M → △ ⊂ t∗, and H be a positive definite S2t∗-valued function on △0. Then H
defines a T-invariant, ω-compatible almost Ka¨hler metric g on M via (16) iff it satisfies
the following conditions:
(i) [smoothness] H is the restriction to △0 of a smooth S2t∗-valued function on △;
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(ii) [boundary values] for any point ξ on the facet Fj ⊂ △ with inward normal uj =
dLj ∈ t,
Hξ(uj, ·) = 0 and (dH)ξ(uj, uj) = 2uj,
where the differential dH is viewed as a smooth S2t∗ ⊗ t-valued function on △;
(iii) [positivity] for any point ξ in the interior of a face F ⊂ △, Hξ(·, ·) is positive definite
when viewed as a smooth function with values in S2(t/tF )
∗. Where we denote tF ⊂ t
(for any face F ⊂ △) the vector subspace spanned by the inward normals uj ∈ t to
facets containing F . Thus the tangent plane to points in the interior F 0 of F is the
annihilator t0F
∼= (t/tF )
∗ of tF in t
∗.
It follow that, up to a T-equivariant isometry, the space CTω can be identified with the
function space S(△,L) (S for simplicity) of all smooth, strictly convex functions u on △0
such that Hu := Hess(u)−1 = (uij) satisfies the conditions of Theorem 3.1.
A key feature of this description is the remarkably simple expression for the scalar
curvature of Ka¨hler metrics, found by Abreu [1]. The scalar curvature sJ of gJ is given
by
sJ = −
m∑
i,j=1
Huij,ij = −
m∑
i,j=1
∂2Gij
∂xi∂xj
, (19)
where we denote by ϕ,i the partial derivative ∂ϕ/∂xi for a smooth function ϕ of x =
(x1, · · · , xm), and (G
ij) = (Gij)
−1, Gij = uij. From (17), one has
ddcJϕ = d(Jdϕ) = d(ϕ,jJdxj) =
m∑
i,j,k=1
(
ϕ,jH
u
jk
)
,i
dxi ∧ dtk
∆Jϕ = −Λ(dd
c
Jϕ) = −
m∑
i=1
ι( ∂
∂ti
)ι( ∂
∂xi
)dd
cϕ
= −
m∑
i,j=1
(
ϕ,iH
u
ij
)
,j
= −
m∑
i,j=1
ϕ,ijH
u
ij −
m∑
i,j=1
ϕ,iH
u
ij,j (20)
From now on, f will be fixed affine function which is positive on △ so that pull-back
of f by moment map µ is a Killing potential for any Ka¨hler metric gJ corresponding
to an element J ∈ CTω . In particular, f,ij = 0 (see Lemma 3.2). Thus, for any smooth
matrix-valued function H = (Hij) on △ one computes
m∑
i,j=1
(
Hij
f 2m−1
)
,ij
=
1
f 2m−1
m∑
i,j=1
Hij,ij +
2m(2m− 1)
f 2m+1
m∑
i,j=1
Hijf,if,j
−
2(2m− 1)
f 2m+1
m∑
i,j=1
Hij,jf,i.
From (3), (19) and (20) and the above equality, we gets a explicity expression for the
scalar curvature sJ,f of (1/f
2)gJ
sJ,f
f 2m+1
= −
m∑
i,j=1
(
1
f 2m−1
Huij
)
,ij
. (21)
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3.2 Uniform K-stability on toric manifolds
Let (M , J , ω, T) be a toric Ka¨hler manifold, let (△,L) be its momentum polytope,
the standard Lebesgue measure dµ = dx1 ∧ · · · ∧ dxm on t
∗ ∼= Rm and the affine labels
L = (L1, · · · , Ld) of △ induce a measure dσ on each facet Fi ⊂ ∂△ by letting
dLi ∧ dσ = −dµ. (22)
For any X ∈ G = T and ω ∈ KGΩ , the Killing potential fX,ω,a is T-invariant by
T-equivariant Moser Lemma.
Lemma 3.2. Suppose (g, J) is a T-invariant, ω-compatible Ka¨hler metric on (M,ω,T),
corresponding to a symplectic potential u ∈ S(△,L). Then a smooth function f is Killing
potential with respect to g if and only if f = µ∗ϕ for some affine function ϕ on △.
Proof. As f is T-invariant, then it is the pull back by the moment map of a smooth
function ϕ(x) on △. It thus follows from (15) that on M , gradωf =
∑
i ϕ,iKi. Since each
Ki preserves J , the condition LgradωfJ = 0 reads as
0 = JKj · ϕ,i = (dϕ,i)(JKj) =−
∑
i,k
ϕ,ikJdxk(Kj) = −
∑
i,k,l
ϕ,ikHklθl(Kj)
=−
∑
i,k
ϕ,ikHkj.
SinceH is non-degenerate on△0, it follows that ϕ,ik = 0, i.e. ϕ(x) must be an affine-linear
function on △0, and hence on △.
Conversely, for any affine linear function ϕ(x) = 〈ξ, x〉+λ, gradωµ
∗ϕ =
∑
i ξiKi which
preserves J .
Lemma 3.3. ([4]) Let H be any smooth S2t∗-valued function on △ which satisfies the
boundary conditions of Theorem 3.1 , but not necessarily the positivity condition. Then,
for any smooth functions ϕ, ψ on t∗,∫
△
(
m∑
i,j=1
(ψHij),ij
)
ϕ dµ =
∫
△
(
m∑
i,j=1
(ψHij)ϕ,ij
)
dµ− 2
∫
∂△
ϕψdσ.
Apply the above lemma for φ = 1/f 2m−1 and H = Hu for some u ∈ S(△,L), one has
−
∫
△
(
m∑
i,j=1
(
1
f 2m−1
Hij),ij
)
ϕ dµ =−
∫
△
1
f 2m−1
(
m∑
i,j=1
Hijϕ,ij
)
dµ
+ 2
∫
∂△
ϕ
f 2m−1
dσ. (23)
By the definition of weighted extremal function, let φ = h0 + b be a weighted extremal
function as in the proof of Thm 2.5. φ is unique by normalization. By Lemma 3.2,
φ = µ∗s(△,L,f) for some affine linear function s(△,L,f) on △. We call it the weighted
extremal affine function of (△,L). For any affine function ϕ on △, we have
2
∫
∂△
ϕ
dσ
f 2m−1
−
∫
△
s(△,L,f)ϕ
dµ
f 2m+1
=
∫
△
1
f 2m−1
(
m∑
i,j=1
Hijϕ,ij
)
dµ−
∫
△
(
m∑
i,j=1
(
1
f 2m−1
Hij),ij +
s(△,L,f)
f 2m+1
)
ϕ dµ
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=∫
△
(su,f − s(△,L,f))ϕ
dµ
f 2m+1
=
1
(2π)m
∫
M
(sg˜,ω − φ)µ
∗ϕ
vω
f 2m+1
=0.
Thus, we can extend the definition of weighted extremal affine function to any compact
convex simple labelled polytope as follows:
Definition 3.4. Suppose (△,L) is a compact convex simple labelled polytope in t∗.
Affine-linear function s(△,L,f) on t
∗ is called the weighted extremal affine function of (△,L)
if for any affine linear function ϕ, such that
2
∫
∂△
ϕ
dσ
f 2m−1
−
∫
△
s(△,L,f)ϕ
dµ
f 2m+1
= 0. (24)
Proposition 3.5. Suppose (△,L) is a compact convex simple labelled polytope in t∗.
Then, there exists a unique weighted extremal affine function s(△,L,f) of (△,L). Further-
more, if for u ∈ S, the corresponding metric is f -extremal, i.e. satisfies
−f 2m+1
m∑
i,j=1
(
1
f 2m−1
Huij
)
,ij
= su,f(x) = 〈ξ, x〉+ λ,
then the affine-function su,f(x) must be equal to s(△,L,f).
Proof. Writing
s(△,L,f) = a0 +
m∑
j=1
ajxj ,
the condition (24) gives rise to a linear system with positive-definite symmetric matrix
since the coefficient matrix is just the Gram matrix for the L2-inner product restricted to
the subspace spanned by the functions { 1
fm+1/2
, x1
fm+1/2
, · · · , xm
fm+1/2
}
a0
∫
△
xi
dµ
f 2m+1
+
m∑
j=1
aj
∫
△
xjxi
dµ
f 2m+1
=2
∫
∂△
xi
dσ
f 2m−1
,
a0
∫
△
dµ
f 2m+1
+
m∑
j=1
aj
∫
△
xj
dµ
f 2m+1
=2
∫
∂△
dσ
f 2m−1
,
which therefore determines (a0, · · · , am) uniquely.
By Lemma 3.3, for affine linear function ϕ, su,f(x) satisfies the defining property (24).
By the uniqueness of weighted extremal affine function, thus the affine-function su,f(x)
must be equal to s(△,L,f).
We introduce the non-linear PDE
su,f := −f
2m+1
m∑
i,j=1
(
1
f 2m−1
Huij
)
,ij
= s(△,L,f), (25)
this equation is called the weighted Abreu equation. If (△,L) is a Delzant polytope,
solutions of (25) correspond to f -extremal T-invariant, ω-compatible Ka¨hler metrics on
the toric symplectic manifold (M,ω,T).
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Thus, the existence problem of cKEM metrics can be reduced to finding symplectic
potential u, such that u satisfies equation (25) for s(△,L,f) = c, where c is a constant
determined by (△,L). For this case, Apostolov and Maschler proved that existence of
this equation implies K-stable in [4]. In the following, we will prove a generalized version
for existence of solutions of weighted Abreu equation and uniform K-stability.
Definition 3.6. We define the functional
F(△,f)(u) := 2
∫
∂△
u
dσ
f 2m−1
−
∫
△
s(△,L,f)u
dµ
f 2m+1
acting on the space of continuous function on △. F(△,f) is called the Donaldson-Futaki
invariant. We know F(△,f) vanishes on affine linear function from Proposition 3.5.
We introduce several classes of convex function C(△), PL, C∞ and C∗ on △. Let C(△)
denote the set of continuous convex functions on △, C∞ ⊂ C(△) the subset of continuous
convex functions on △ which are smooth in the interior. Denoted by PL the set of all
piecewise linear convex function on △. Let G denote the set of affine linear functions,
which acts on C(△) and C∞ by translation. We essentially consider C∞/G, introduce a
subset C˜ ⊂ C∞ that is isomorphic to C∞/G. This can be done as follows: fix a point
x0 ∈ △
0 and consider the normalized functions (in Donaldson [10]):
C˜ = {u ∈ C∞|u ≥ u(x0) = 0}.
Then any u in C∞ can be written uniquely as u = π(u) + g, where g is affine linear and
π(u) ∈ C˜ for a linear projection π. For any u ∈ C˜ we set
‖u‖b :=
∫
∂△
u
dσ
f 2m−1
.
We can check easily that ‖ · ‖b is a norm on C˜, where b stands for boundary. For all u ∈ C˜,
we have
‖u‖b ≥ C0
∫
∂△
udσ ≥ C
∫
△
udµ = C‖u‖L1, (26)
on the other hand,
‖ · ‖b ≤ C‖ · ‖∞.
Definition 3.7. We say that norm ‖ · ‖ on C˜ is tamed if there exists C > 0 such that on
C˜
1
C
‖ · ‖1 ≤ ‖ · ‖ ≤ C‖ · ‖∞,
where ‖ · ‖1 :=
∫
△
·dx is the L1-norm and ‖ · ‖∞ is the C
0-norm on C˜.
Remark 3.8. (i) The norm ‖ · ‖b is tamed.
(ii) For any tamed norm ‖ · ‖, both the spaces of PL convex functions and smooth
convex functions on the whole of △ are dense in C∗(△) := {f ∈ C(△) : f(x) ≥ f(x0) = 0}
Let △∗ be the union of △0 and its codimension-one faces. Let C1 be the set of positive
convex functions f on △∗ such that ∫
∂△
fdσ <∞,
hence, we can extend ‖ · ‖b to space C1.
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Proposition 3.9. (Proposition 5.2.6 in [10]) Suppose that fn is a sequence of function
in C˜ with ∫
∂△
fndσ ≤ C.
Then there is a subsequence which converges, uniformly over compact subset of △0, to a
convex function f which has a continuous extension to a function f ∗ on △∗, defining an
element of C1 with ∫
∂△
f ∗dσ ≤ lim inf
∫
∂△
fndσ.
So we can identify f and f ∗ and view f as a function in C1. We define
C∗ = {u ∈ C1 | ∃ constant C > 0 and a sequence of u
(k) in C˜ s.t. ‖u(k)‖b < C
and locally uniformly converges to u in △0}.
(27)
Let P > 0 be a constant, we define
CP
∗
= {u ∈ C∗ | ‖u‖b ≤ P} .
The functional F(△,f) can be generalized to the classes C∞, C∗ and C
P
∗
.
Lemma 3.10. ([5]) For any u ∈ CP
∗
, there is a sequence of functions uk ∈ C∞ such that
uk locally uniformly converges to u in △
0 and
‖u‖b = lim
k→∞
‖uk‖b , (28)
F(△,f)(u) = lim
k→∞
F(△,f)(uk). (29)
Proof. Without loss of generality, we can assume that 0 is the center of the mass of △
and u is normalized at the origin, i.e. u ≥ u(0) = 0.
Let u˜k(x) = u(rkx), with rk < 1 and limk→∞ rk = 1. Then the sequence {u˜k} in
C(△) locally uniformly converges to u. From the construction and the convexity we know
u(x) ≥ u˜k(x) for any x ∈ △. Thus
1
f2m−1
u(x) ≥ 1
f2m−1
u˜k(x), then the Lebesgue dominated
convergence theorem implies that 1
f2m−1
u˜k(x) converges to (
1
f2m−1
u)|∂△ in L
1(∂△) as k →
∞. In particular,
lim
k→∞
∫
∂△
|u˜k − u|
dσ
f 2m−1
= 0. (30)
Let u˜εk be the convolution u˜k ⋆ ρε(x), where ρε(x) ≥ 0 is a smooth mollifier of R
m
whose support is in Bε(0). For any k and
ε <
1− rk
4
dist(0, ∂△),
u˜εk is a smooth convex function in △
0. In fact, for any x, x1 ∈ △
0, and t ∈ (0, 1)
u˜εk(tx+ (1− t)x1) =
∫
Rm
u˜k(tx+ (1− t)x1 − y)ρε(y)dy
=
∫
Bε(0)
u˜k(t(x− y) + (1− t)(x1 − y))ρε(y)dy
≤
∫
Bε(0)
[
tu˜k(x− y) + (1− t)u˜k(x1 − y)
]
ρε(y)dy
=tu˜εk(x) + (1− t)u˜
ε
k(x1).
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Since u˜k is continuous on Ωk, we know that u˜
ε
k uniformly converges to u˜k on compact
subset of Ωk, where Ωk is domain of u˜k. In fact, △ is compact subset of Ωk. Hence, then
u˜εk uniformly converges to u˜k in △ as ε→ 0. We choose εk > 0 such that
‖u˜εkk − u˜k‖L∞(△) ≤
1
k
(31)
Let uk = u˜
εk
k . Since∫
∂△
|u− uk|
dσ
f 2m−1
≤
∫
∂△
|u− u˜k|
dσ
f 2m−1
+
∫
∂△
|u˜k − uk|
dσ
f 2m−1
,
by (30) and (31), we conclude that uk converges to u|∂△ in L
1(∂△). We proved (28). On
the other hand, uk locally uniformly converges to u in △
0. Then (29) still holds. The
lemma is proved.
Definition 3.11. (△,L, f) is called uniformly K-stable if there exists a constant λ > 0
such that
F(△,f)(u) ≥ λ‖u‖b = λ
∫
∂△
u
dσ
f 2m−1
, ∀u ∈ C˜.
Theorem 3.12. If the weighted Abreu equation (25) has a solution in S, then (△,L, f)
is uniformly K-stable.
4 Proof of Theorem 3.12
Assume that v ∈ S is the solution of the weighted Abreu equation (25).
Recall that for any convex function u on a domain Ω ⊂ Rn, a Monge–Ampe`re measure
Mu on Ω is defined.
Let u be a convex function. For any segment I ⋐ △, the convex function u defines a
convex function w := u|I on I. It defines a Monge–Ampe`re measure Mw on I,we denote
this by N .
Lemma 4.1. Let u ∈ CK∗ and u
(k) ∈ C∞ locally uniformly converges to u. If N(I) = m >
0, then
F(△,f)(u
(k)) > τm
for some positive constant τ independent of k.
Proof. First assume that u ∈ C∞.Then
F(△,f)(u) = 2
∫
∂△
u
dσ
f 2m−1
−
∫
△
s(△,L,f)u
dµ
f 2m+1
= 2
∫
∂△
u
f 2m−1
dσ+
∫
△
(
1
f 2m−1
vij
)
,ij
udµ.
By Lemma 3.3, take ψ = 1
f2m−1
, we have
F(△,f)(u) =
∫
△
vij
f 2m−1
uijdµ. (32)
Let p be the midpoint of I. For simplicity, we assume that p is the origin, I is on the
x1 axis and I = (−a, a). Suppose that there is a Euclidean ball B := Bǫ0(0) in x1 = 0
plane such that I × B ⋐ △. Consider the functions
wx(x1) = u(x1, x), x1 ∈ I, x ∈ B.
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For any x ∈ B, wx are convex functions on I. We denote the Monge–Ampere measure on
I induced by wx by Nx. Note that N0 = N . By the weak convergence of Monge–Ampere
measure, we know that there exists a small B such that for any x ∈ B
Nx(I) ≥ m/2. (33)
On the other hand, the eigenvalues of v
ij
f2m−1
are bounded below in I × B since v is
smooth. Let δ be the lower bound. Then
F(△,f)(u) ≥
∫
I×B
vij
f 2m−1
uijdµ ≥ δ
∫
I×B
Tr(uij)dµ (34)
≥ δ
∫
I×B
u11dµ = δ
∫
B
Nx(I)dx ≥
mδ
2
V ol(B). (35)
This completes the proof for u ∈ C∞.
Now suppose that u is a limit of a sequence u(k) ∈ C∞. Then u
(k) converges to u
uniformly on I × B. For each u(k) we repeat the above argument: let w
(k)
x , N
(k)
x replace
wx and Nx. Since w
(k)
x converges to wx uniformly with respect to k and x, N
(k)
x (I) also
converges to Nx(I) uniformly with respect to k and x. Hence, we conclude that when
k > K for some large K and x ∈ B,
N (k)x (I) ≥ m/4.
Therefore, by the same computation as above, we have
F(△,f)(u
(k)) ≥
mδ
4
V ol(B).
Proof of Thm 3.12. If (△, f) is not uniformly K-stable, then there is a sequence of
convex function u(k) with the property∫
∂△
u(k)
f 2m−1
dσ = 1/2, and lim
k→∞
F(△,f)(u
(k)) = 0.
In particular
lim
k→∞
∫
△
s(△,L,f)u
(k)
f 2m+1
dµ = 1. (36)
Since f is positive affine linear function on △, then the integration
∫
∂△
u(k)dσ are uni-
formly bounded. So u(k) locally uniformly converges to a function u ∈ CK
∗
for some
K > 0.
By Lemma 4.1, we know that limk→∞F(c,f)(u
(k)) = 0 only if for any interior interval
I ⋐ △ the Monge–Ampere measure of u|I is 0. If this is the case, u must be affine linear.
In fact, suppose we normalize u at some point p such that u ≥ u(p) = 0. Now consider any
line l through p. By the assumption, the Monge–Ampere measure of u|l is then trivial.
Hence u ≡ 0 on l. This is true for any line, hence u ≡ 0. In particular∫
△
s(△,L,f)u
f 2m+1
dµ = 0.
Since u(k) locally uniformly converges to u, we know
lim
k→∞
∫
△
s(△,L,f)u
(k)
f 2m+1
dµ =
∫
△
s(△,L,f)u
f 2m+1
dµ.
Then limk→∞
∫
△
s(△,L,f)u
(k)
f2m+1
dµ = 0. It contradicts to (36).
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Remark 4.2. The defnition, Lemma and main Theorem 3.12 as above are also true if we
replace s(△,L,f) by a smooth function A on △ which satisfies the moment condition: for
each affine linear function ϕ,
2
∫
∂△
ϕ
dσ
f 2m−1
=
∫
△
Aϕ
dµ
f 2m+1
.
Bohui Chen, An-min Li and Li Sheng [6] show that uniformly K-stability implies
existence of solution of Abreu equation on toric Ka¨hler surface. Legendre [23] shows this
result for higher dimension. By these results, we can set weighted conjecture as follows,
Conjecture 4.3. If (△, A, f) is uniformly K-stable for some smooth function A satisfy-
ing the moment condition and positive affine function f , then there exists a solution of
weighted Abreu equation (25) in S for A.
5 Uniform K-stability and properness of weighted
relative K-energy
We consider the weighted relative K-energy:
E(△,f)(u) = F(△,f)(u)−
∫
△
(log detHess(u)− log detHess(u0))
dµ
f 2m−1
, (37)
for all u ∈ S, where u0 is defined by (18). Using the formula d log detA = trA
−1dA for
any nondegenerate matrix A. One can compute the first variation of E(△,f) at u in the
direction of u˙,
(dE(△,f))u(u˙) =F(△,f)(u˙)−
∫
△
1
f 2m−1
m∑
i,j=1
Huiju˙,ijdµ
=
∫
△
[
−
m∑
i,j=1
(
1
f 2m−1
Hij
)
,ij
−
s(△,L,f)
f 2m+1
]
u˙dµ,
showing that the critical points of E(△,f) are precisely the solutions of (25). Furthermore,
using dA−1 = −A−1dAA−1, we see that the second variation of E(△,f) at u in the directions
of u˙ and v˙ is
(d2E(△,f))u(u˙, v˙) =
∫
△
1
f 2m−1
tr
(
Hess(u)Hess(u˙)Hess(u)Hess(v˙)
)
dµ,
showing E(△,f) is convex. Thus we can show
Lemma 5.1. If (25) admits a solution u ∈ S, then the weighted relative K-energy E(△,f)
attains its minimum at u.
Proof. We know E(△,f) is convex on S. The solution u being a critical point of E(△,f), it
is therefore a global minima.
Proposition 5.2. For any λ > 0 the following are equivalent:
(i) F(△,f)(u) ≥ λ‖u‖b for all u ∈ C˜, (i.e. (△,L, f) is uniform K-stable);
(ii) for all 0 ≤ δ < λ, there exists Cδ such that E(△,f)(u) ≥ δ‖π(u)‖b + Cδ for all u ∈ S,
where π(u) is the projection of u to the space S˜ := C˜ ∩ S (called properness of
relative K-energy with respect to ‖ · ‖b).
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Proof. (i)⇒(ii). For any smooth bounded function A on △, one can define a modified
Futaki invariant F(A,f) by
F(A,f)(u) := 2
∫
∂△
u
dσ
f 2m−1
−
∫
△
Au
dµ
f 2m+1
.
Similarly, one can define a modified weighted relative K-energy E(A,f) using F(A,f) instead
of F(△,f) in the formula (37).
For any smooth bounded function A,B, there is a constant C = CA,B > 0 with∣∣F(A,f)(u)− F(B,f)(u)∣∣ = ∣∣∣∣− ∫
△
Au
f 2m+1
dµ+
∫
△
Bu
f 2m+1
dµ
∣∣∣∣
≤
∫
△
1
f 2m+1
|A− B||u|dµ
≤C1‖u‖L1
≤C‖u‖b,
for all u ∈ C˜, because ‖ · ‖b bounds the L
1 norm on C˜. Let’s take B = s(△,L,f), so
that F(B,f) = F(△,f), and take A = su0,f be the scalar curvature of (1/f
2)gJ0, where J0
corresponds to the canonical symplectic potential u0 ∈ S. Then u0 is trivially solves the
equation su0,f = A.
By assumption,∣∣F(A,f)(u)− F(△,f)(u)∣∣ ≤((k + 1)C − kC)‖u‖b
≤C(k + 1)λ−1λ‖u‖b − kC‖u‖b
≤C(k + 1)λ−1F(△,f)(u)− kC‖u‖b,
for all u ∈ C˜. This implies
F(A,f)(u) ≤ (1 + C(k + 1)λ
−1)F(△,f)(u)− kC‖u‖b,
turning this around,
F(△,f)(u) ≥ εF(A,f)(u) + δ‖u‖b,
where 0 < ε := (1 + Cλ−1(1 + k))−1 for k large enough and δ := kCλ(λ + C(1 + k))−1,
notice that δ is an injective function of k ∈ [0,∞) with range [0, λ).
We know, F(△,f)(ϕ) = 0 for all affine function ϕ. And from (32), we have, F(A,f)(ϕ) = 0
for all affine linear function ϕ since the equation su0,f = A admits a trivial solution u0.
For any u ∈ S, by definition, u = π(u) + ϕ for some affine function ϕ,
E(△,f)(u) =F(△,f)(u)−
∫
△
(log detHess(u)− log detHess(u0))
dµ
f 2m−1
=F(△,f)(π(u))−
∫
△
(log detHess(u)− log detHess(u0))
dµ
f 2m−1
≥εF(A,f)(u) + δ‖π(u)‖b −
∫
△
(log detHess(u)− log detHess(u0))
dµ
f 2m−1
=E(A,f)(εu)−m log ε
∫
△
dµ
f 2m−1
+ δ‖π(u)‖b
≥E(A,f)(εu) + δ‖π(u)‖b.
It is shown in Lemma 5.1 that E(A,f) is bounded from below on the space S. Letting Cδ
be a lower bound of E(A,f), the claim follows.
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(ii)⇒(i). Suppose E(△,f)(u) ≥ δ‖u‖b + Cδ for all normalized u ∈ S. We shall fix one
such u. Then for all k > 0 and v ∈ C˜, u+kv ∈ S˜ and so E(△,f)(u+kv) ≥ δ‖u+kv‖b+Cδ.
We have
kF(△,f)(v) =E(△,f)(u+ kv)− E(△,f)(u) +
∫
△
log
(
detHess(u+ kv)
detHess(u)
)
dµ
f 2m−1
≥δ‖u+ kv‖b + Cδ +
∫
△
log
(
detHess(u+ kv)
detHess(u)
)
dµ
f 2m−1
− E(△,f)(u)
≥δ‖u+ kv‖b + C˜δ,
where C˜δ = Cδ − E(△,f)(u) (for the fixed normalized u ∈ S), since the ratio of the
determinants is at least one for k sufficiently large. Dividing by k and letting k →∞ we
obtain F(△,f)(v) ≥ δ‖v‖b. Since this is true for all 0 ≤ δ < λ, we have that F(△,f)(v) ≥
λ‖v‖b for all v ∈ C˜.
Proposition 5.3. If v ∈ S is the solution of the weighted Abreu equation (25), then
there exists a constant C depending on λ such that
‖v‖b ≤ C.
Proof. Note that by (32), F(△,f)(v) = n
∫
△
dx
f2m−1
=: C1. Then by the uniform K-stability,
we have
‖u‖b ≤ λ
−1F(△,f)(v) = λ
−1C1.
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